ABSTRACT. Idempotent integration is an analogue of the Lebesgue integration where σ-additive measures are replaced by σ-maxitive measures. It has proved useful in many areas of mathematics such as fuzzy set theory, optimization, idempotent analysis, large deviation theory, or extreme value theory. Existence of Radon-Nikodym derivatives, which turns out to be crucial in all of these applications, was proved by Sugeno and Murofushi. Here we show a converse statement to this idempotent version of the Radon-Nikodym theorem, i.e. we characterize the σ-maxitive measures that have the Radon-Nikodym property.
INTRODUCTION
Maxitive measures, originally introduced by Shilkret [18] , are defined analogously to classical finitely additive measures or charges with the supremum operation, denoted ⊕, in place of the addition +. More precisely, a maxitive measure on a σ-algebra B is a map ν : B → R + such that ν(∅) = 0 and ν(B 1 ∪ B 2 ) = ν(B 1 ) ⊕ ν(B 2 ), for all B 1 , B 2 ∈ B. It is σ-maxitive if it commutes with unions of nondecreasing sequences of elements of B. One should note that a σ-maxitive measure does not necessarily commute with intersections of nonincreasing sequences, unlike σ-additive measures.
A corresponding "maxitive" integral, paralleling Lebesgue's integration theory, was built by Shilkret. It was rediscovered independently and generalized by Sugeno and Murofushi [20] and by Maslov [9] . Since then, this integral has been studied and used by several authors with motivations from dimension theory and fractal geometry, optimization, capacities and large deviations of random processes, fuzzy sets and possibility theory, idempotent analysis and max-plus (tropical) algebra.
Because of the numerous fields of application just listed, the wording around maxitive measures is not unique. For instance, Maslov coined the term idempotent integration, which is also of wide use. Notations may also diverge; we adopt the choice of Gerritse [8] and write ∞ B f · dν for the Shilkret integral of a measurable map f with respect to the maxitive measure ν on a measurable set B. The index ∞ is not an integration bound, it recalls the fact that the Shilkret integral can be seen as a limit of a sequence of Choquet integrals.
More generally, we shall consider the idempotent ⊙-integral
where ⊙ is a pseudo-multiplication, i.e. a binary relation satisfying a series of natural properties. If ⊙ is the usual multiplication (resp. the minimum ∧), then the idempotent ⊙-integral specializes to the Shilkret (resp. Sugeno) integral.
In all of the fields of application listed above, a Radon-Nikodym like theorem is often essential. For instance, a comprehensive theory of possibilities (where a possibility measure is the maxitive analogue of a probability measure) cannot do without a notion of conditional possibility (just like one needs that of conditional expected value in probability theory). Its existence happens to be ensured by that of Radon-Nikodym derivatives (or densities). Such a theorem is actually available: it was proved in [20] by Sugeno and Murofushi. These authors showed that, if ν and τ are σ-maxitive measures on a σ-algebra B, with τ σ-⊙-finite and σ-principal, then ν is ⊙-absolutely continuous with respect to τ if and only if there exists some B-measurable map c : E → R + such that
Given that σ-⊙-finiteness and ⊙-absolute continuity generalize the usual concepts of σ-finiteness and absolute continuity to the setting of the pseudomultiplication ⊙, the assertion looks like the classical Radon-Nikodym theorem, except that one needs an unusual condition on the dominating measure τ , namely σ-principality. This condition roughly says that every σ-ideal of B has a greatest element "modulo negligible sets". Although σ-finite σ-additive measures are always σ-principal, this is not true for σ-finite σ-maxitive measures. For instance, every σ-maxitive measure ν is ⊙-absolutely continuous with respect to the σ-maxitive measure δ # , defined on the same σ-algebra B by δ # (B) = 1 if B is nonempty and δ # (∅) = 0; however, ν does not always have a density with respect to δ # .
After the article [20] , many authors have published results of RadonNikodym flavour for maxitive measures. This is the case of Agbeko [1] , Akian [3] , Barron et al. [4] , and Drewnowski [7] . In some cases, the authors were not aware of the existence of idempotent integration theory. In [13] , we explained why these results are already encompassed in the SugenoMurofushi theorem.
The purpose of this paper is to prove a converse to the Sugeno-Murofushi theorem. A σ-maxitive measure τ has the Radon-Nikodym property if every σ-maxitive measure ⊙-dominated by τ has a density with respect to τ . Put together with the Sugeno-Murofushi theorem, our main result is the following: This result ensures the minimality of the conditions of σ-⊙-finiteness and σ-principality. We shall prove it with the help of the "quotient space" associated with the σ-maxitive measure, i.e. we shall get rid of negligible sets by an appropriate equivalence relation. Such a characterization will be useful in a future work to try to investigate spaces (like modules over the idempotent semifield R max + = (R + , ⊕, ×)) with the Radon-Nikodym property; see the discussion in [14] .
The paper is organized as follows. We introduce pseudo-multiplications ⊙ and some of their properties in Section 2; we also recall the notions of σ-maxitive measure and idempotent ⊙-integral and their basic properties. In Section 3 we recall the Radon-Nikodym type theorem for the idempotent ⊙-integral proved by Sugeno and Murofushi. In Section 4 we define the quotient space associated with a σ-maxitive measure and characterize maxitive measures satisfying the Radon-Nikodym property. The usual multiplication × and the minimum ∧ are particular cases of the general binary relation ⊙, so our main result specializes to both the Shilkret and the Sugeno integrals.
PRELIMINARIES ON MAXITIVES MEASURES AND IDEMPOTENT

INTEGRATION
2.1. Pseudo-multiplications and their properties. In this paper, we consider a binary relation ⊙ defined on R + × R + with the following properties:
• associativity;
• continuity of the map s → s ⊙ t on (0, ∞], for all t;
• monotonicity in both components;
• existence of a left identity element 1 ⊙ , i.e. 1 ⊙ ⊙ t = t for all t;
• absence of zero divisors, i.e. s ⊙ t = 0 implies 0 ∈ {s, t}, for all s, t; • 0 is an annihilator, i.e. 0 ⊙ t = t ⊙ 0 = 0, for all t.
We call such a ⊙ a pseudo-multiplication. Note that the axioms above are stronger than in [20] , where associativity is not assumed.
We consider the map O :
we say that the pseudo-multiplication ⊙ is non-degenerate. This amounts to say that the set of ⊙-finite elements differs from {0}.
In what follows, we shall use the three following results, the proofs of which are given in a separate note (see Poncet [15] ).
Lemma 2.1. Given a non-degenerate pseudo-multiplication ⊙, the following conditions are equivalent for an element t ∈ R + :
• t is ⊙-finite;
Theorem 2.2. Given a pseudo-multiplication ⊙, the following conditions are equivalent:
• ⊙ is non-degenerate, i.e. 1 ⊙ is ⊙-finite;
• there exists some positive ⊙-finite element;
Moreover, in the case where
Corollary 2.3. Given a pseudo-multiplication ⊙, it is not possible to find t < φ and t ′ > φ such that t ⊙ t ′ = φ, if φ denotes the supremum of the set of ⊙-finite elements.
Definition of maxitive measures.
Let E be a nonempty set. A collection B of subsets of E containing E, closed under countable unions and the formation of complements is a σ-algebra. A σ-ideal of a σ-algebra B is a nonempty subset I of B that is closed under countable unions and such that A ⊂ B ∈ I and A ∈ B imply A ∈ I .
Assume in all the sequel that B is a σ-algebra on E. A set function on B is a map µ : B → R + equal to zero at the empty set. A set function µ is monotone if µ(B) µ(B ′ ) for all B, B ′ ∈ B such that B ⊂ B ′ . A monotone set function µ is ⊙-finite if µ(E) ≪ ⊙ ∞, and σ-⊙-finite if there exists some countable family {B n } n∈N of elements of B covering E such that µ(B n ) ≪ ⊙ ∞ for all n; a subset N of E is µ-negligible if it is contained in some B ∈ B such that µ(B) = 0.
A maxitive (resp. σ-maxitive) measure on B is a set function ν on B such that, for every finite (resp. countable) family {B j } j∈J of elements of B,
Examples of (σ-)maxitive measures were collected in [13, Chapter I].
2.3.
Reminders on the idempotent ⊙-integral. The first extension of the Lebesgue integral, among many others, was proposed by Vitali [21] , who replaced σ-additive measures by some more general set functions. Decades later, the Choquet integral (see Choquet [5] for the definition) was born, with the same idea of using "capacities" instead of measures. Inspired by Choquet, many authors have intended to replace operations (+, ×), which are the basic algebraic framework of both the Lebesgue and the Choquet integrals, by some more general pair (+,×) of binary relations on R + or R + . In the case where (+,×) is the pair (max, ×), one gets the Shilkret integral discovered by Shilkret [19] . If (+,×) is the pair (max, min), one gets the Sugeno integral or fuzzy integral due to Sugeno [19] . In the general case, one talks about the pan-integral or seminormed fuzzy integral, see e.g. Weber [23] , Sugeno and Murofushi [20] , Wang and Klir [22] , Pap [11, 12] . In this paper, we shall limit our attention to the case where+ is the maximum operation max = ⊕ and× is a pseudomultiplication (i.e. a binary relation ⊙ satisfying the properties given in g 2.1).
A map f :
Definition 2.4. [20] Let ν be a maxitive measure on B, and let f : E → R + be a B-measurable map. The idempotent ⊙-integral of f with respect to ν is defined by
The occurrence of ∞ in the notation ∞ is not an integration bound, see [13, ] for a justification. Proposition 2.5. Let ν be a σ-maxitive measure on B. Then, for all Bmeasurable maps f, g : E → R + , and all r ∈ R + , B ∈ B, the following properties hold:
Further properties of the idempotent ⊙-integral might be found in [18] , [2] , [16] , [6] , and [13] in the case where ⊙ is the usual multiplication, i.e. where the Shilkret integral is considered. For the Sugeno integral, see e.g. [19] . Let ν and τ be maxitive measures on B. Then ν has a density with respect to τ if there exists some B-measurable map (called density) c :
for all B ∈ B. Note that, if ν has a density with respect to τ , then ν is ⊙-absolutely continuous with respect to τ , according to the following definition.
Definition 3.1. [20] Let ν, τ be monotone set functions on B. Then ν is ⊙-absolutely continuous with respect to τ (or τ ⊙-dominates ν), in symbols
Absolute continuity, although necessary in Equation (3), seems a priori too poor a condition for ensuring the existence of a density. For instance, every σ-maxitive measure ν is ⊙-absolutely continuous with respect to the σ-maxitive measure δ # , defined on the same σ-algebra B by δ # (B) = 1 if B is nonempty and δ # (∅) = 0; however, ν does not always have a density with respect to δ # , and this latter measure is not σ-principal in general. We shall understand ing 3.3 that ⊙-absolute continuity is actually a necessary and sufficient condition for the existence of a density whenever the dominating measure is σ-⊙-finite and σ-principal. Proof. In the case where ⊙ is degenerate, the fact that ν be semi-⊙-finite implies ν = 0; then the result is clear. So for the rest of the proof we assume that ⊙ is non-degenerate. Let F = {x ∈ E : c(x) ≪ ⊙ ∞} and let c 1 = c ⊙ 1 F . By Theorem 2.2, F is a measurable set, so c 1 is B-measurable (and ⊙-finite-valued). Let us show that c 1 is still a density of ν with respect to τ . Let B ∈ B. Then
We first assume that ν(B) is ⊙-finite, and we show that τ (B ∩ E \ F ) = 0. With Equation (4) this will imply ν(B) =
If s := τ (B ∩ E \ F ) > 0, then by Equation (5) and Theorem 2.2 this implies φ > ν(B) φ ⊙ s φ, a contradiction. Thus, we have again
If ν(B) is ⊙-infinite, we use the fact that ν is semi-⊙-finite. We get
where the supremum is taken over {A ∈ B :
3.3. Principality and existence of a density. A monotone set function µ on B is σ-principal if, for every σ-ideal I of B, there exists some L ∈ I such that S \ L is µ-negligible, for all S ∈ I . Proposition 4.1 will justify this terminology. Sugeno and Murofushi [20] proved a Radon-Nikodym theorem for the idempotent ⊙-integral when the dominating measure is σ-⊙-finite and σ-principal. If ⊙ is the usual multiplication, the hypothesis of σ-⊙-finiteness of τ cannot be removed: consider for instance a finite set E, and let ν = δ # and τ = ∞ · δ # be σ-maxitive measures defined on the power set of E. Then τ is σ-principal and ν is absolutely continuous with respect to τ , but ν never has a density with respect to τ .
After the article [20] , many authors have published results of RadonNikodym flavour for maxitive measures. This is the case of Agbeko [1] , Akian [3] , Barron et al. [4] , and Drewnowski [7] . In some cases, the authors were not aware of the existence of the Shilkret integral. In [13] , we explained why these results are already encompassed in the SugenoMurofushi theorem, and we also gave another proof of this theorem with the help of order-theoretical arguments.
THE QUOTIENT SPACE AND THE RADON-NIKODYM PROPERTY
In this section, we characterize those σ-maxitive measures τ with the Radon-Nikodym property, i.e. such that all σ-maxitive measures that are ⊙-dominated by τ have a density with respect to τ . At first, we shall introduce the quotient space associated with τ .
Let τ be a σ-maxitive measure on B. On B we define an equivalence relation ∼ by A ∼ B if A∪N = B∪N, for some τ -negligible subset N. We write B τ for the equivalence class of B ∈ B. The quotient set derived from ∼ is called the quotient space associated with τ , and denoted by B/τ . The quotient space can be equipped with the structure of a σ-complete lattice induced by the partial order defined by
The next proposition, partly due to Sugeno and Murofushi, characterizes σ-principal σ-maxitive measures defined on a σ-algebra. A maxitive measure on B satisfies the countable chain condition (or is CCC) if each family of non-negligible pairwise disjoint elements of B is countable. (A CCC maxitive measure is sometimes called σ-decomposable, but this terminology should be avoided, because of possible confusion with the notion of decomposability used e.g. by Weber [23] .) (1) ⇒ (2) Assume that τ is σ-principal, and let A be a family of nonnegligible pairwise disjoint elements of B. Let I be the σ-ideal generated by A , and let L ∈ I such that τ (I \ L) = 0 for all I ∈ I . We can choose L of the form L = n∈N A n , with A n ∈ A for all n. Now let us show that A = {A n : n ∈ N}, which will prove that A is countable. So let A ∈ A , and assume that A = A n for all n. 
Thus, I is a σ-ideal of B/τ . Since B/τ is σ-principal, there is some L ∈ I such that B τ ∈ I if and only if B τ L τ . We deduce that τ (B \ L) = 0 for all B ∈ I , which proves that τ is σ-principal.
(1) ⇒ (3) Let I be a σ-ideal of B/τ . Then I = {B ∈ B : B τ ∈ I} is a σ-ideal of B. Since τ is σ-principal, there is some L ∈ I such that τ (B \ L) = 0 for all B ∈ I . Then B τ ∈ I if and only if B τ L τ , i.e. I is a principal ideal.
Following Segal [17] , a monotone set function µ on B is localizable if, for every σ-ideal I of B, there exists some L ∈ B such that (1) S \ L is µ-negligible, for all S ∈ I , (2) if there is some B ∈ B such that S\B is µ-negligible for all S ∈ I , then L \ B is µ-negligible. In this case, I is said to be localized in L. It is clear that a monotone set function is localizable if and only if the associated quotient space is a complete lattice. Note also that localizability is weaker than σ-principality.
Here comes the characterization of the Radon-Nikodym property. Let I be a σ-ideal of B, and let ν be defined on B by
Then ν is a σ-maxitive measure on B, ⊙-absolutely continuous with respect to τ , hence we can write
for some B-measurable map c : E → R + . Defining L = {c = 0} ∈ B, one can see that I is localized in L. Claim 2: τ is σ-principal. Let I be a σ-ideal in B, and let L ∈ B localizing I with respect to τ . We define the non-decreasing family of σ-ideals (J t ) t>0 by J t = {I ∪ B : I ∈ I , B ∈ B, τ (B) t}. Now let ν be the map defined on B by
for all B ∈ B. Then, by a result due to Nguyen et al. [10,g 2] we know that ν is a σ-maxitive measure (see also [14] ). Moreover, ν(B) τ (B) for all B ∈ B, so that ν ≪ ⊙ τ , hence we can write (6) ν
for some B-measurable map c : E → R + . If I ∈ I , then ν(I) = 0, hence, using Equation (6) and the fact that ⊙ has no zero divisors, τ (I ∩ {c > t}) = 0, for all t > 0. This implies that τ (I \ {c = 0}) = 0, for all
The definition of ν implies that L ∈ J q for all q ∈ Q * + . Thus, we can write L = I q ∪B q for all q ∈ Q * + , with I q ∈ I and τ (B q ) q. Now, one can check that L = I 0 ∪ N 0 with I 0 := q∈Q * + I q and N 0 := q∈Q * + B q . Since τ (N 0 ) = 0, it appears that we have found I 0 ∈ I such that ν(I \ I 0 ) = 0, for all I ∈ I , so we have proved that τ is σ-principal.
Claim 3: τ has no ⊙-spot.
We define a ⊙-spot of τ as an element B 0 of B such that τ (B 0 ) is ⊙-infinite and τ (A) is either zero or ⊙-infinite for all A ⊂ B 0 . Now assume that τ has such a ⊙-spot B 0 . If I is the σ-ideal of B generated by {B ∈ B : τ (B) ≪ ⊙ ∞}, we define the σ-maxitive measure ν by ν(B) = 0 if B ∈ I , and ν(B) = 1 ⊙ otherwise, where 1 ⊙ is the left identity element of ⊙. Since ν ≪ ⊙ τ , there exists some B-measurable map f :
,
is ⊙-finite by Lemma 2.1, for all t > 0. This implies that g(t) = 0 for all t > 0 by definition of B 0 , which contradicts Equation (7). Claim 4: τ (E) φ, where φ is the supremum of the set of ⊙-finite elements.
We can suppose that φ < ∞. Recall that, since ⊙ is supposed to be nondegenerate, we have φ > 0. Thanks to the Radon-Nikodym property, we have
for all B ∈ B, for some B-measurable map c : E → R + . Assume that τ (E) > φ. Since τ ({c = 0}) = 0 < φ, we deduce that τ (E) = τ ({c > 0}) > φ. This implies that τ ({c > t 0 }) > φ for some 0 < t 0 < φ. Thus,
By Theorem 2.2, t 0 ⊙ φ = φ, so that t 0 ⊙ τ ({c > t 0 }) = φ. But this last identity is not possible by Corollary 2.3. This contradiction shows that τ (E) φ. Claim 5: τ is semi-⊙-finite. Let ν be the map defined on B by ν(B) = A⊂B τ (A), where the supremum is taken over {A ∈ B : A ⊂ B, τ (A) ≪ ⊙ ∞}. Then ν is a σ-maxitive measure such that ν(B) = τ (B) whenever τ (B) is ⊙-finite. In particular, ν ≪ ⊙ τ . Assume that ν(B 1 ) < τ (B 1 ), for some B 1 ∈ B. Let c : E → R + be a B-measurable map such that Equation (6) is satisfied, and let A t = B 1 ∩ {c > t}. Using Claim 4, we have φ > ν(B 1 ) t ⊙ τ (A t ), where φ is the supremum of the set of ⊙-finite elements. So, by Lemma 2.1, τ (A t ) is ⊙-finite, for all t > 0. Moreover, since ν({c = 0}) = 0 and τ has no ⊙-spot by Claim 3, we deduce that τ ({c = 0}) is ⊙-finite. Thus, ν({c = 0}) = τ ({c = 0}) = 0, so τ (B 1 ) = τ (B 1 ∩ {c > 0}) = q∈Q * + τ (A q ), and the definition of ν implies τ (B 1 ) ν(B 1 ), a contradiction.
Claim 6: τ is σ-⊙-finite. Let I be the σ-ideal generated by all A ∈ B such that τ (A) be ⊙-finite. Since τ is σ-principal, there is some L ∈ I such that τ (A \ L) = 0 for all A ∈ I . We can choose L of the form L = n 1 A n , with τ (A n ) ⊙-finite for all n. Since τ is semi-⊙-finite, τ (B) = τ (B ∩ L) for all B. In particular, τ (E \ L) = 0, so E is equal to the union of the family (A n ) n∈N with A 0 := E \ L, and τ (A n ) is ⊙-finite for all n. This proves that τ is σ-⊙-finite. 
CONCLUSION AND PERSPECTIVES
In this work, we derived a converse statement to the Sugeno-Murofushi theorem, i.e. we characterized those σ-maxitive measures satisfying the Radon-Nikodym property with respect to the idempotent ⊙-integral as being σ-⊙-finite σ-principal. This theorem specializes to the Shilkret (resp. Sugeno) integral when the binary relation ⊙ coincides with the usual multiplication × (resp. the minimum ∧). Our result does not exist in classical measure theory, at least not in such a concise and exact form.
